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Abstrat
The self-similar struture of the attrating subshift of a primitive
substitution is arried over to the limit set of the repelling tree in
the boundary of Outer Spae of the orresponding irreduible outer
automorphism of a free group. Thus, this repelling tree is self-similar
(in the sense of graph direted onstrutions). Its Hausdor dimension
is omputed. This reveals the fratal nature of the attrating tree in
the boundary of Outer Spae of an irreduible outer automorphism of
a free group.
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Throughout this artile, FN denotes the free group of nite rank N ≥ 2.
An R-tree (T, d) is an arwise onneted metri spae suh that two points
P and Q are onneted by a unique ar and this ar is isometri to the
real segment [0, d(P,Q)]. An R-tree is usually regarded as a 1-dimensionnal
objet. And, indeed, if T is a non-trivial R-tree with a minimal ation of FN
by isometries, then T is a ountable union of ars and thus has Hausdor
dimension 1.
Surprisingly, we exhibit in this artile R-trees T in the boundary of
M. Culler and K. Vogtmann's Outer Spae CVN (whih is made of R-trees
with minimal, very-small ation of FN by isometries), suh that the Hausdor
dimension of their metri ompletion T is stritly bigger than 1.
More preisely, we prove that, for an irreduible (with irreduible powers)
outer automorphism Φ of FN , the metri ompletion TΦ of the attrating tree
TΦ in the boundary of Outer Spae has Hausdor dimension
Hdim(TΦ) ≥ max(1;
lnλΦ−1
lnλΦ
)
where λΦ and λΦ−1 are the expansion fators of Φ and Φ
−1
respetively. We
insist that these two expansion fators may be distint leading to a Hausdor
dimension stritly bigger than 1.
This lower bound on the Hausdro dimension is ahieved by omputing
the exat Hausdor dimension of a subset of the metri ompletion: the
limit set Ω. This is the subset of TΦ where the dynami of Φ, as given by
the repelling lamination onentrates.
For an irreduible (with irreduible powers) outer automorphism Φ of the
free group FN , M. Bestvina, M. Feighn and M. Handel ([BFH97℄) dened the
attrating lamination LΦ. By hoosing a basis A of FN , the lamination LΦ
an be viewed as a symboli dynamial system (indeed a subshift of the shift
on bi-innite redued words in A±1) as explained in [CHL08a℄ and briey
realled in Setion 1.1.
The attrating lamination LΦ is best desribed if we hoose a train-trak
representative τ = (Γ, ∗, pi, f) of Φ, where Γ is a nite graph with base
point ∗, pi is a marking isomorphism between FN and the fundamental group
pi1(Γ, ∗) and f is a homotopy equivalene induing Φ via pi. M. Bestvina and
M. Handel ([BH92℄) dened train-trak representatives and proved that they
always exist for irreduible (with irreduible powers) outer automorphisms of
FN (see Setions 1.3 and 1.4). The lamination LΦ is a losed set of bi-innite
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paths in the universal over Γ˜ of Γ, and it is invariant under appliation of
any lift f˜ of f to Γ˜ (see Setion 1.5).
Using the hart given by the train-trak representative τ to desribe the
attrating lamination LΦ we get in Proposition 1.1 a self-similar deomposi-
tion of LΦ into nitely many ylinders. Self-similarity is here to be under-
stood in the sense of graph direted onstrutions as introdued by [MW88℄
whih is a generalisation of iterated funtion systems. We refer to [Edg08℄
for introdution and bakground on this topi.
The self-similar struture of the attrating lamination is wellknown to
symboli dynamists and a key tool to deal with it is the prex-sux automa-
ton (see Setion 1.7).
In this artile we arry over this self-similar deompostion of the attrat-
ing lamination, whih is partly folklore, to the limit set of the repelling tree
TΦ−1 of Φ in the boundary of Culler-Vogtman Outer Spae. We refer to
K. Vogtman's survey [Vog02℄ for bakground on Outer Spae.
A onstrution of the repelling tree TΦ−1 of Φ an be found in [GJLL98℄.
It is an R-tree with a very small, minimal ation of FN by isometries with
dense orbits. It omes with a ontrating homothety H assoiated to the
hoie of a representative automorphism ϕ of the outer lass Φ. The ratio of
H is 1
λ
Φ−1
, where λΦ−1 is the expansion fator of Φ
−1
(see Setion 2.1).
From [LL03, LL03, CHL08b℄ (see Setions 2.2, 2.3 and 2.4), there exists a
ontinuous map Q2 that maps the attrating lamination LΦ into the metri
ompletion TΦ−1 of the repelling tree TΦ−1. The self-similar deomposition
of the attrating lamination is arried over through Q2 to get a self-similar
limit set Ω inside TΦ−1 . Using the ratio
1
λ
Φ−1
of the homothety H , we get the
main result of this artile:
Theorem 2.15. Let Φ be an irreduible (with irreduible powers) outer au-
tomorphism of the free group FN . Let TΦ−1 be the repelling tree of Φ.
The limit set Ω ⊆ TΦ−1 has Hausdor dimension
δΦ−1 = Hdim(Ω) =
lnλΦ
lnλΦ−1
where λΦ and λΦ−1 are the expansion fators of Φ and Φ
−1
respetively.
Knowing δΦ−1 we an use the Hausdor measure in dimension δΦ−1 to
desribe the orrespondene between the unique ergodi probability measure
arried by the attrating lamination and the metri of the R-tree TΦ−1.
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We insist that the expansion fators of an irreduible (with irreduible
powers) outer automorphism and its inverse are not equal in general. Surpris-
ingly, this leads to ompat subsets of an R-tree whih an be of Hausdor
dimension stritly bigger than 1 although an R-tree is usually regarded as a
1-dimensional objet.
During his beautiful ourse on the Mapping Class Group at MSRI in Fall
2007, L. Mosher mentioned that the onvex ore (see [Gui05℄) of the produt
of the attrating and repelling trees of an irreduible (with irreduible powers)
parageometri automorphism should be of Hausdor dimension given by the
ratio δΦ−1 of the logarithms of the expansion fators of the automorphism
and its inverse. This lead us to understand that the limit set of the repelling
tree has the Hausdor dimension δΦ−1.
The main diulty in proving our Theorem is to arefully study how
the self-similar piees of the limit set interset. This involves desribing the
points that belong to more than one piee and proving that their prex-sux
representations are periodi.
Finally in Setion 3 we desribe two lassial examples and detail the
shape of the limit sets and ompat hearts.
In the end of this introdution we want to reall two more lassial on-
strutions whih are soures of inspiration for our work.
The above piture is very dierent from the situation of pseudo-Anosov
mapping lasses whih are a soure of inspiration for studying outer automor-
phims. Indeed, a pseudo-Anosov homeomorphism ϕ of a hyperboli surfae
and its inverse have the same expansion fator. Reall that the mapping lass
Φ of an homeomorphim ϕ of a surfae S indues an outer automorphism of
the fundamental group of the surfae. And if the surfae has non-trivial
boundary, its fundamental group is a free group. The pseudo-Anosov home-
omorphism ϕ omes with an unstable foliation Fϕ on the hyperboli surfae
S. Tightening this foliation we get the unstable geodesi lamination LΦ of
the mapping lass Φ of whih the attrating lamination of Φ is the algebrai
version. Under iterations of ϕ, any losed urve onverges to the unstable
geodesi lamination.
The mapping lass Φ also ats on Teihmüller spae and its boundary
and has a repelling xed point whih an be desribed as an R-tree TΦ−1
with small ation of the fundamental group of the surfae. Geometrially
the tree TΦ−1 is transverse to the lift of the unstable geodesi lamination to
the universal over of the surfae.
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The limit set Ω of TΦ−1 is equal to TΦ−1 and is a ountable union of
intervals. Thus its Hausdor dimension is 1 whih is onsistent with our
Theorem.
Alternatively, following W. Thurston [FLP91℄, the pseudo-Anosov map-
ping lass Φ xes a train-trak on the surfae S. This train-trak arries the
unstable foliation. The ompat sets Ωe (see setion 2.5) for this train-trak
are intervals transverse to the foliation. The rst return map T along the
unstable foliation, on the union of these intervals is an interval exhange
transformation.
Let us now review the above desription in the ase of an irreduible (with
irreduible powers) outer automorphism Φ represented by a substitution σ.
We refer to N. Pytheas Fogg [Fog02℄ for bakground and results on symboli
dynamis.
Let Φ be an outer automorphism of FN whih admits a basis A of FN
and a representative σ whih is a substitution (that is to say, only positive
letters appear in the images of the elements of A). In this ase we rather
regard σ as an homomorphism of the free monoid on the alphabet A.
Under iterations of σ, any letter a ∈ A onverges to the attrating subshift
Σσ. This is the subshift of the full shift on bi-innite words in A whih
onsists of bi-innite words whose nite fators are fators of images of a
under iterations of σ. Considering the shift map S we get a symboli dynami
system (Σσ, S).
This attrating subshift Σσ is the (symboli) attrating lamination LΦ
of the irreduible (with irreduible powers) outer automorphism Φ (more
preisely it is half of LΦ as we xed, as a onvention, that laminations are
invariant by taking inverses). The self-similar deomposition of the attrating
subshift ours in this ase in the basis A whih is a train-trak for Φ and is
well-known to dynamists.
If in addition, the substitution σ satises the arithmeti-type Pisot on-
dition, then the dynamial system (Σσ, S) has a geometri interpretation as
a Rauzy fratal Rσ.
The Rauzy fratal Rσ is a ompat subset of R
N−1
. The Rauzy fratal is
graphially striking when N = 3 in whih ase it is a ompat subset of the
plane. The Rauzy fratal omes with a pieewise exhange T . The dynamial
system (Rσ, T ) is semi-onjugated with the attrating subshift (Σσ, S).
Indeed, V. Canterini and A. Siegel [CS01℄ dened a map R from the
attrating shif Σσ onto the Rauzy fratal: A bi-innite word Z in the at-
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trating subshift Σσ orresponds to the trajetory of exatly one point, R(Z)
of Rσ. The map R is ontinuous and onto and therefore Rσ is a geometri
representation of the dynami of the attrating subshift.
The map R fators through the map Q2 whih means that the Rauzy
fratal is a quotient of the ompat limit set ΩA of the repelling tree TΦ−1 of
Φ.
The self-similar deomposition of the attrating subshift Σσ, desribed by
the prex-sux automaton, is arried over by the ontinuous map R to Rσ.
The self-similar deomposition of the Rauzy fratal Rσ obtained is the same
as the self-similar deomposition of ΩA desribed in Proposition 2.5.
However, we note that the self-similar deomposition of the Rauzy fratal
does not lead diretly to a meaningful Hausdor dimension beause interse-
tions between piees may not be negletable: the map R is non-injetive in
a Hausdor-dimension essential way.
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1 Laminations and Automorphisms
1.1 Laminations
The free group FN is Gromov-hyperboli and has a well dened boundary at
innity ∂FN , whih is a topologial spae, indeed a Cantor set.
The ation of FN on its boundary is by homeomorphisms.
The double boundary of FN is
∂2FN = (∂FN )
2
r∆
where ∆ is the diagonal. An element of ∂2FN is a line.
A lamination (in its algebrai setting) is a losed, FN -invariant, ip-
invariant subset of ∂2FN (where the ip is the map exhanging the two o-
ordinates of a line). The elements of a lamination are alled leaves.
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We refer the reader to [CHL08a℄ where laminations for free groups are
dened and dierent equivalent approahes are exposed with are.
1.2 Charts and Cylinders
To give a geometri interpretation of the boundary, of leaves and of lamina-
tions we introdue harts.
Let Γ be a nite graph, with basepoint ∗ and pi : FN → pi1(Γ, ∗) a
marking isomorphism. We say that (Γ, ∗, pi) is a hart for FN .
Assigning a positive length to eah edge in Γ (e.g. 1 to eah edge) denes
a path metri of the universal over Γ˜. For suh a metri, Γ˜ is a 0-hyperboli
spae, indeed a tree, and it has a boundary at innity ∂Γ˜ whih is simply
the spae of ends. Points of the boundary ∂Γ˜ an be seen as innite geodesi
paths starting from a xed lift ∗˜ of the base point ∗.
The ation of FN on Γ˜ by dek transformations through the marking pi is
by isometries. We denote by ∂pi : ∂FN → ∂Γ˜ the anonial homeomorphism
between the boundaries at innity.
Through ∂pi there is a anonial orrespondene, whih assoiates to a
line (X, Y ) ∈ ∂2FN the geodesi bi-innite oriented ar of Γ˜ [∂pi(X), ∂pi(Y )]
joining the points at innity ∂pi(X) and ∂pi(Y ). We say that this bi-innite
geodesi path is the geometri realisation of the line (X, Y ).
For a nite oriented geodesi ar γ in Γ˜, the ylinder of γ CΓ(γ) is the
set of lines whose geometri realisations ontain γ.
Cylinders are losed-open sets and they form a basis of the topology of
∂2FN . An element u of FN translates by left multipliation the ylinder
CΓ(γ) to uCΓ(γ) = CΓ(uγ).
1.3 Automorphisms and topologial representatives
Let ϕ be an automorphism of FN . It extends anonially to an homeomor-
phism ∂ϕ : ∂FN → ∂FN and also indues an homeomorphism, ∂
2ϕ of ∂2FN .
For example, the inner automorphism iu : x 7→ uxu
−1
, dened by the
onjugation by the element u of FN , ats on ∂FN as (the left multipliation
by) u.
If L is a lamination ϕ(L) = {(∂ϕ(X), ∂ϕ(Y )) | (X, Y ) ∈ L} is also
a lamination. As a lamination is invariant under the ation of FN , inner
automorphisms at trivially on the set of laminations, and we get an ation
of the outer automorphism group Out(FN ) on the set of laminations. We
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onsistently denote by Φ(L) = ϕ(L) the image of L by the outer lass Φ of
ϕ.
If (Γ, ∗, pi) is a hart for FN as in the previous setion, a topologial
representative of the outer automorphism Φ is a ontinuous map f : Γ→ Γ
whih sends verties to verties, edges to nite redued paths, and whih is
a homotopy equivalene induing Φ through the marking pi. A lift f˜ : Γ˜→ Γ˜
of f to the universal over Γ˜ of Γ is a topologial representative of the
automorphism ϕ ∈ Φ if the following ondition holds:
∀P ∈ Γ˜, ∀u ∈ FN , f˜(uP ) = ϕ(u)f˜(P ).
If ψ = iu ◦ϕ is another automorphism in the outer lass Φ, then f˜
′ = uf˜ is a
topologial representative of ψ: Lifts of f are in one-to-one orrespondene
with automorphisms in the outer lass Φ.
For any lift f˜ of the homotopy equivalene f of Γ, f˜ is a quasi-isometry
of Γ˜ and extends to an homeomorphism, ∂f˜ , of the boundary at innity ∂Γ˜.
If f˜ is a topologial representative of the automorphism ϕ then the fol-
lowing diagram ommutes:
∂FN
∂ϕ
∼=
//
∂pi∼=

∂FN
∂pi∼=

∂Γ˜
∂ ef
∼=
//
∂Γ˜
For a subset C of ∂2FN (e.g. a ylinder CΓ(γ)) we abuse of notations
and write: ϕ(C) = f˜(C) = {(∂ϕ(X), ∂ϕ(Y )) | (X, Y ) ∈ C}. We note that
the homeomorphism ∂2ϕ maps a ylinder CΓ(γ) to a losed-open set of ∂
2FN
whih is a nite union of ylinders but may fail to be a ylinder.
1.4 Train-trak representatives and legal lamination
A train-trak representative τ = (Γ, ∗, pi, f) of the outer automorphism
Φ of FN is a hart (Γ, ∗, pi) together with a topologial representative f of Φ
suh that for all integer n ≥ 1, fn is loally injetive on eah edge of Γ.
The lift f˜ of f whih is the topologial representative of the automorphism
ϕ ∈ Φ is a train-trak representative for ϕ.
The train-trak τ is irreduible if it ontains no verties of valene 1 or
2, and if Γ ontains no non-trivial f -invariant subgraph.
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An outer automorphism Φ is irreduible (with irreduible powers) if for
eah n, Φn does not x a onjugay lass of a free fator. M. Bestvina and
M. Handel [BH92℄ proved that irreduible (with irreduible powers) outer
automorphisms always have an irreduible train-trak representative.
A geodesi path γ in Γ˜ (nite, innite or bi-innite) is legal if for all
n ≥ 1, the restrition of f˜n to γ is injetive (this does not depend on the
hoie of a partiular lift f˜ of f). In partiular, from the denition, every
1-edge path is legal. A line (X, Y ) ∈ ∂2FN is legal if its geometri realisation
[∂pi(X); ∂pi(Y )] is a legal bi-innite path.
The legal lamination Lτ of the train-trak τ = (Γ, ∗, pi, f) is the set of
legal lines. From the denitions it is lear that
Φ(Lτ ) ⊆ Lτ .
Indeed if ϕ ∈ Φ is an automorphism representing the outer lass Φ, ∂2ϕ sends
any legal line to a legal line.
The transition matrix M of the homotopy equivalene f of the graph
Γ is the square matrix of size the number of edges of Γ, and for eah pair
(e, e′) of edges of Γ, the entry me,e′ is the number of ourenes of e in the
path f(e′). We insist that ourenes are positive and are ounted without
taking in aount orientation.
The expansion fator λΦ of the outer automorphism Φ is the Perron-
Frobenius eigen-value λΦ > 1 of the transition matrix M of the irreduible
train-trak representative τ = (Γ, ∗, pi, f) of Φ. The expansion fator does not
depend on the hoie of a partiular irreduible train-trak representative.
We denote by (µe)e a positive Perron-Frobenius eigen-vetor of the transition
matrix M . This eigen-vetor is unique up to a mulitpliative onstant.
1.5 Attrating lamination
In [BFH97℄ the attrating lamination of an irreduible (with irreduible pow-
ers) outer automorphism is dened.
Let τ = (Γ, ∗, pi, f) be an irreduible train-trak representative of the
outer automorphism Φ. Fix an edge e in the universal over Γ˜ of Γ. The
attrating lamination LΦ of Φ is the set of leaves whih are limits of
sequenes of translates of iterated images of e:
LΦ = {(X, Y ) ∈ ∂
2FN | ∃ε = ±1, ∃un ∈ FN , (X, Y ) = lim
n→∞
unf˜
n(eε)}.
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Where the sequene of paths unf˜
n(e) onverges to the leaf (X, Y ) if the
sequene of startpoints onverges to ∂pi(X) and the endpoints to ∂pi(Y ) in
the topologial spae Γ˜ ∪ ∂Γ˜.
From the denition it is lear that LΦ is losed, FN -invariant and ip-
invariant, indeed a lamination. Moreover, as f˜(unf˜
n(eε)) = ϕ(un)f˜
n+1(eε)
the attrating lamination is invariant by Φ.
This denition does not depend on the partiular hoie of a lift f˜ of f ,
and as τ is irreduible this does not depend either on the hoie of the edge
e of Γ˜.
As τ is a train-trak representative, eah path f˜n(e) is legal and thus the
attrating lamination is a sublamination of the legal lamination Lτ .
It is proven in [BFH97℄ that the attrating lamination does only depend
on the irreduible (with irreduible powers) outer automorphism Φ and not
on the hoie of the train-trak representative τ . It is proven there that the
attrating lamination LΦ is minimal and thus is the smallest sublamination
of the legal lamination Lτ suh that
Φ(LΦ) = LΦ.
1.6 Self-similar deomposition of the attrating lamina-
tion
Although we notied that the image of a ylinder by an automorphism is
not in general a ylinder, we desribe in this setion the image of legal lines
ontained in a ylinder.
Let (X, Y ) ∈ ∂2FN be a legal line for the train-trak representative
τ = (Γ, ∗, pi, f) of the outer automorphism Φ of FN . The lift f˜ of f whih
is a train-trak representative of the automorphism ϕ ∈ Φ restrits to an
homeomorphism from the geometri realisation [∂pi(X); ∂pi(Y )] to its image
[∂pi∂ϕ(X); ∂pi∂ϕ(Y )].
As the attrating lamination is made of legal lines, for any (legal) path γ
in the universal over Γ˜ of Γ we have
ϕ(CΓ(γ) ∩ LΦ) ⊆ CΓ(f˜(γ)) ∩ LΦ.
For any oriented edge e˜ in Γ˜ we denote by Ce the set
Ce = CΓ(e˜) ∩ LΦ
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Proposition 1.1. Let ϕ ∈ Φ be an irreduible (with irreduible powers)
automorphism of FN and Φ be its outer lass. Let τ = (Γ, ∗, pi, f) be a train-
trak representative for Φ and f˜ a lift of f to the universal over Γ˜ assoiated
to ϕ. For any edge e˜ of Γ˜
Ce =
⊎
(e′,ep,es)
ϕ(Ce′),
the nite disjoint union is taken over triples (e˜′, p˜, s˜) suh that e˜′ is an edge
of Γ˜, p˜.e˜.s˜ is a redued path in Γ˜ and f˜(e˜′) = p˜.e˜.s˜.
The above deomposition of Ce does not depend on the hoie of a par-
tiular automorphism ϕ in the outer lass Φ and of its assoiated lift f˜ of
f .
Proof. By the previous remark, any leaf in ϕ(Ce′) ontains the edge e˜ whih
proves that ϕ(Ce′) ⊆ Ce.
Conversely, let (X, Y ) be a leaf in Ce, in partiular it is a legal leaf
in LΦ and there exists a legal leaf (X
′, Y ′) in LΦ suh that ∂ϕ(X
′) = X
and ∂ϕ(Y ′) = Y . The map f˜ restrits to an homeomorphism between the
bi-innite geodesi paths [∂pi(X ′); ∂pi(Y ′)] and [∂pi(X); ∂pi(Y )], and as the
former is legal and the latter ontains the edge e˜, there exists an edge e˜′ in
[∂pi(X ′); ∂pi(Y ′)] suh that f˜(e˜′) = p˜.e˜.s˜ ontains the edge e˜. Thus, the leaf
(X, Y ) is in ϕ(Ce′).
We now proeed to prove that the union is a disjoint union. Let (e˜′, p˜, s˜)
and (e˜′′, p˜′, s˜′) be two triples suh that f˜(e˜′) = p˜.e˜.s˜ and f˜(e˜′′) = p˜′.e˜.s˜′.
Assume that the intersetion ϕ(Ce′) ∩ ϕ(Ce′′) is non-empty. As ∂
2ϕ is a
homeomorphism the intersetion Ce′ ∩ Ce′′ is non-empty and let (X, Y ) be
a leaf in the intersetion. As before, (X, Y ) is legal and f˜ restrits to a
homeomorphism between the geometri realizations of (X, Y ) and its image.
The edge e˜ is in both the images of e˜′ and e˜′′ by this homeomorphism and
thus e˜′ = e˜′′. It follows that the two tuples are equal and that the union in
the Proposition is a disjoint union.
Finally, let f˜ ′ be another lift of f and let ϕ′ ∈ Φ be the automorphism
assoiated to f˜ ′. There exists u ∈ FN suh that f˜
′ = uf˜ and ϕ′ = iu ◦ϕ. For
any edge e˜′ of Γ˜, let e˜′′ = ϕ′−1(u−1)e˜′. We have
f˜ ′(e˜′′) = f˜ ′(ϕ′
−1
(u−1)e˜′) = ϕ′(ϕ′
−1
(u−1))f˜ ′(e˜′) = u−1uf˜(e˜′) = f˜(e˜′)
and
ϕ′(Ce′′) = ψ(Cϕ′−1(u−1)e˜
′) = ϕ′(ϕ′
−1
(u−1)Ce′) = u
−1ϕ′(Ce′) = ϕ(Ce′).
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This proves that the deompositions obtained for f˜ and ϕ and for f˜ ′ and ϕ′
are the same.
1.7 Prex-sux automaton
We now use the previous Setion to dene the prex-sux automaton for
a train-trak representative of an irreduible (with irreduible powers) outer
automorphism of the free group. This automaton is a lassial tool in the
ase of substitutions, see [CS01℄ and, indeed, working with a substitution
simplies some tehnialities.
Let τ = (Γ, ∗, pi, f) be a train-trak representative of the outer automor-
phism Φ of the free group FN . The prex-sux automaton of τ is the
nite oriented labelled graph Σ whose verties are edges of Γ and suh that
there is an edge labelled by (e′, p, e, s) from e to e′ if and only if the redued
path f(e′) is equal to the redued path p.e.s, where p and s are redued paths
in Γ (the prex and the sux respetively). We draw this edge as
e
p,s
−→ e′.
An e-path σ is a (nite or innite) redued path in Σ starting at the
vertex e. The length |σ| of an e-path σ is its number of edges. We denote
by Σe the set of nite e-paths and by ∂Σe the set of innite e-paths.
For a nite or innite e-path σ we denote by σ(n) its n-th vertex (whih
is an edge of Γ). We write σ(0) = e and in partiular σ(|σ|) is the terminal
vertex of σ.
We now x a lift f˜ of f whih is assoiated to the automorphism ϕ ∈ Φ.
Let e˜ be an edge in the universal over Γ˜ whih lies above the edge e of Γ.
For an edge e
p,s
−→ e′ of Σ there exists a unique edge e˜′ of Γ˜ whih is a lift of
e′ and suh that f˜(e˜′) = p˜ · e˜ · s˜ where p˜ and s˜ are lifts of p and s respetively.
Let σ be an e-path and denote by en−1
pn−1,sn−1
−→ en, its n-th edge for
1 ≤ n ≤ |σ| (with e0 = e). By indution, for any 1 ≤ n ≤ |σ|, there
exists a unique edge e˜n of Γ˜ whih is a lift of en = σ(n) and suh that
f˜(e˜n) = p˜n−1 · e˜n−1 · s˜n−1 where p˜n−1 and s˜n−1 are lifts of pn−1 and sn−1
respetively (and e˜0 = e˜). We use the notation
σ(e˜, f˜ , n) = e˜n.
Let ϕ be the automorphism in the outer lass Φ assoiated to f˜ . For a
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nite e-path σ, we dene
Ce,σ = ϕ
n(C
σ(e, ef,n)).
We remark that this denition does not depend on the hoie of the auto-
morphism ϕ in the outer lass Φ and of the assoiated lift f˜ of f .
Applying reursively Propostion 1.1 we get
Proposition 1.2. Let Φ be an irreduible (with irreduible powers) automor-
phism of FN and Φ be its outer lass. Let τ = (Γ, ∗, pi, f) be a train-trak
representative for Φ.
For any edge e˜ of Γ˜ and any n ∈ N,
Ce =
⊎
σ∈Σe,|σ|=n
Ce,σ
For an innite e-path σ we denote by Ce,σ the ompat non-empty nested
intersetion
Ce,σ =
⋂
σ′prex of σ
Ce,σ′
and we get
Proposition 1.3. Let Φ be an irreduible (with irreduible powers) outer
automorphism of FN and let τ = (Γ, ∗, pi, f) be a train-trak representative
for Φ. Let e˜ be a lift of an edge e of Γ.
Then
Ce =
⊎
σ∈∂Σe
Ce,σ.
We denote by ρe : Ce → ∂Σe the ontinuous onto map, whih maps any
leaf (X, Y ) in Ce to the unique innite e-path σ in ∂Σe suh that (X, Y ) ∈
Ce,σ.
The innite e-path ρe(X, Y ) is the prex-sux representation of the
leaf (X, Y ) with respet to its edge e˜.
Fixing a lift f˜ of f and its assoiated automorphism ϕ ∈ Φ, the ation of
ϕ on prex-sux representations is easy to desribe:
Lemma 1.4. Let e˜1 be an edge of Γ˜. Let (X, Y ) be a leaf in Ce1. Let e˜0 be
an edge of Γ˜ suh that f˜(e˜1) = p˜0 · e˜0 · s˜0 ontains e˜0. Then
ρe0(∂
2ϕ(X, Y )) = (e0
p0,s0
−→ e1) · ρe1(X, Y )
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where e0, e1, p0, and s0 are the projetions in Γ of e˜0, e˜1, p˜0, and s˜0 respe-
tively.
Roughly speaking this Lemma means that the ation of ϕ on prex-sux
representations is by the shift map. This an be made preise in the ase
of subsitutions. Indeed if σ is a substitution, in the basis A of FN , in the
outer lass Φ then the rose with N petals is a a train-trak representative
for Φ. The universal over Γ˜ is the Cayley graph of FN and instead of the
attrating lamination LΦ we onsider the attrating subshift whih onsists
of bi-innite words in the alphabet A. Suh a bi-innite word Z enodes
a bi-innite indexed path in Γ˜ that ontains the origin. Thus Z belongs to
one of the ylinders Ca where a ∈ A is the letter at index one in Z. Its
prex-sux representation is omputed with respet to this ylinder.
These lassial onventions in the ase of subsitutions make the above
disussion on self-similarity of ylinders of the attrating lamination and the
desription of the prex-sux automaton muh simpler.
1.8 Prex-sux representation of periodi leaves
In this setion we ontinue our study of the prex-sux automaton.
Proposition 1.5. Let Φ be an irreduible (with irreduible powers) outer
automorphism of FN and let τ = (Γ, ∗, pi, f) be a train-trak representative
for Φ. Let e˜0 be a lift of an edge e0 of Γ and let σ be an innite e0-path in
∂Σe0 .
Then the ompat set Ce0,σ is nite.
Proof. Fix an automorphism ϕ ∈ Φ and an assoiated lift f˜ of f to Γ˜. For
eah n, let e˜n = σ(e˜0, f˜ , n).
The length of the nested redued path f˜n(e˜n) goes to innity. There are
two ases:
Either both extremities of the redued path f˜n(e˜n) goes to innity in ∂Γ˜
and then Ce,σ ontains only one element: the limit of these paths.
Or, one of the extremities (say the initial one by symmetry) onverges
to a vertex v˜ inside Γ˜. Let v˜n be the initial vertex of e˜n, for n big enough,
f˜n(v˜n) = v˜. As the length of the nested redued path f˜
n(e˜n) goes to innity
the terminal verties of these paths onverge to a point ∂pi(Y ) ∈ ∂Γ˜.
For eah n, let En be the set of edges e˜
′
n in Γ˜ suh that e˜
′
n.e˜n is a legal
redued path in Γ˜. The ardinality of En is bounded above by the number of
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edges of Γ. For eah n, and for eah leaf (X, Y ) in Ce,σ, the leaf ∂
2ϕ−n(X, Y )
belongs to CΓ(e˜n) and thus to one of the CΓ(e˜
′
n · e˜n) for an e˜
′
n in En. Thus
we an write
Ce,σ ⊆
⋃
e′n∈En
CΓ(f˜
n(e˜′n.e˜n)).
We an order eah of the En = {e˜
1
n, e˜
2
n, . . . , e˜
rn
n } suh that the redued nite
paths (f˜n(e˜kn))n∈N are nested. For n big enough the terminal vertex of f˜
n(e˜kn)
is v˜ while the lengths of these nested paths go to innity and thus their initial
verties onverge to a point Xk ∈ ∂Γ˜. We get that the sequene of nested
paths (f˜n(e˜kn.e˜n))n∈N onverges to a leaf (Xk, Y ) in Ce,σ. This proves that
the ardinality of Ce,σ is bounded above by the number of edges of Γ.
The prex-sux representations of periodi leaves of the attrating lami-
nation LΦ have been desribed by Y. Jullian in his PhD thesis [Jul09℄ where
he obtains the following result. We give here a proof beause he only on-
siders substitution automorphisms instead of general train-traks but this is
only a tehnial and minor improvement.
Proposition 1.6 ([Jul09℄). Let Φ be an irreduible (with irreduible powers)
outer automorphism of FN and let τ = (Γ, ∗, pi, f) be a train-trak represen-
tative for Φ. Let ϕ be an automorphism in the outer lass Φ and let f˜ be the
assoiated lift of f to Γ˜. Let e˜0 be a lift of an edge e0 of Γ. Let (X, Y ) be a
leaf in Ce0 and let σ = ρe0(X, Y ) be its prex-sux representation.
The leaf (X, Y ) is periodi under the ation of ∂2ϕ if and only if its prex-
sux representation σ and the sequene (σ(e˜0, f˜ , n))n∈N are pre-periodi.
Proof. Let n be suh that ∂ϕn(X) = X and ∂ϕn(Y ) = Y then f˜n restrits
to an orientation preserving homeomorphism of the geometri realisation of
the leaf (X, Y ). For eah edge e of Γ, the length of the path fk(e) in-
reases to innity with k. Thus either f˜n xes a vertex of the bi-innite
path [∂pi(X), ∂pi(Y )] or there exists a unique edge e˜1 of [∂pi(X), ∂pi(Y )] suh
that e˜1 is a non-extremal edge of f˜
n(e˜1). In the rst ase we hoose for e˜1
the edge of [∂pi(X), ∂pi(Y )] whih starts from the xed vertex and lies in the
same diretion as e˜0. In both ases f˜
n(e˜1) ontains e˜1 and there exists k0
suh that f˜nk0(e˜1) ontains e˜0.
Let e0 and e1 be the images of e˜0 and e˜1 (respetively) in Γ. Let σ0 be
the nite e0-path nishing at e1 whih orresponds to the fat that e˜0 is an
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edge of f˜nk0(e˜1). Let σ1 be the nite e1-loop in Σe1 whih orresponds to the
fat that e˜1 is an edge of f˜
n(e˜1). Then
σ = ρe0(X, Y ) = σ0 · σ1 · σ1 · σ1 · · ·
Moreover σ0(e˜0, f˜ , nk0) = e˜1 and σ1(e˜1, f˜ , n) = e˜1, whih proves that the
sequene (σ(e˜0, f˜ , n))n∈N is pre-periodi.
Conversely, assume that the prex-sux representation of the leaf (X, Y )
is pre-periodi:
σ = ρe0(X, Y ) = σ0 · σ1 · σ1 · σ1 · · ·
where σ0 is a nite redued path in Σe0 nishing at e1 and σ1 is a nite loop
in Σe1. Assume that σ0(e˜0, f˜ , |σ0|) = e˜1 and σ1(e˜1, f˜ , |σ1|) = e˜1.
Then, applying Lemma 1.4 we get that for all n
ρe1(∂
2ϕ|σ0|(X, Y )) = σ1 · σ1 · σ1 · · · = ρe1(∂
2ϕ|σ0|+n|σ|(X, Y ))
From Proposition 1.5, the set Ce1,σ′ , with σ
′ = σ1 ·σ1 ·σ1 · · · , is nite and we
get that there exists m 6= n suh that
∂2ϕ|σ0|+m|σ1|(X, Y ) = ∂2ϕ|σ0|+n|σ1|(X, Y ).
This proves that (X, Y ) is periodi under the ation of ∂2ϕ.
2 Repelling tree
We refer to K. Vogtmann [Vog02℄ for a survey and further referenes on Outer
Spae and ations of the free group on R-trees.
2.1 Denition
Let Φ be an irreduible (with irreduible powers) outer automorphism of FN .
The ation of Φ on the ompatiation of the projetivized Culler-Vogtman
Outer Spae CVN has exatly two xed points [TΦ] and [TΦ−1 ], one attrating
and one repelling. The ation of Φ on CVN has North-South dynami (see
[LL03℄). The R-trees TΦ and TΦ−1 have been desribed in [GJLL98℄. The
isometri ations of FN on the R-trees TΦ and TΦ−1 are both minimal, very
small and with dense orbits.
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We will fous in this artile on the repelling xed point TΦ−1 of Φ. We note
that (the metri of) this tree is only dened up to a multipliative onstant.
But in this paper, we pik-up a partiular tree TΦ−1 in the projetive lass
[TΦ−1 ]
If we hoose an automorphism ϕ in the outer lass Φ, there exists a
homothety, H on TΦ−1 whih is assoiated to ϕ (see [GJLL98℄):
∀P ∈ TΦ−1 , ∀u ∈ FN , H(uP ) = ϕ(u)H(P ).
The xed point of the homothety H may be in the metri ompletion TΦ−1
rather than in TΦ−1 , and we regard H as dened on this metri ompletion.
With this onvention, as TΦ−1 is the repelling tree of Φ, H is a ontrating
homothety of ratio
λ =
1
λΦ−1
< 1
where λΦ−1 is the expansion fator of the irreduible (with irreduible powers)
outer automorphism Φ−1.
2.2 The map Q
Under the hypothesis of the previous setion, TΦ−1 is an R-tree with a mini-
mal, very small ation of FN by isometries with dense orbits. We denote by
T̂Φ−1 = TΦ−1 ∪ ∂TΦ−1 the union of its metri ompletion and of its Gromov
boundary. The spae T̂Φ−1 omes with the topology indued by the metri on
TΦ−1 . However, we onsider the weaker observers' topology on T̂Φ−1 . We
refer to [CHL07℄ for details on this topology. A basis of open sets is given by
the diretions: a diretion is a onneted omponent of T̂Φ−1 r {P} where
P is any point of T̂Φ−1 . We denote by T̂
obs
Φ−1 the set T̂Φ−1 equipped with the
observers' topology. The spae T̂ obsΦ−1 is Hausdor, ompat and has the same
onneted omponents than T̂Φ−1 . Indeed it is a dendrite in B. Bowdith
[Bow99℄ terminology.
Theorem 2.1 ([CHL07℄). For any point P ∈ TΦ−1, the map QP : FN →
T̂ obsΦ−1 , u 7→ uP has a unique equivariant ontinuous extension to a map Q :
∂FN → T̂
obs
Φ−1. This extension is independent of the hoie of the point P .
The map Q was rst introdued in [LL03, LL08℄ with a slightly dierent
approah.
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Note that the map Q fails to be ontinuous if we replae the observers'
topology by the stronger metri topology.
Let P be a point in TΦ−1 and let X be in ∂FN . Let (un)n∈N be a
sequene of elements of FN suh that un onverges to X . For eah n,
H(unP ) = ϕ(un)H(P ). From Theorem 2.1, and for the observers' topology
unP onverge towards Q(X) while ϕ(un)H(P ) onverge towards Q(∂ϕ(X)).
Thus we have proved
Lemma 2.2. For any element X ∈ ∂FN , Q(∂ϕ(X)) = H(Q(X)).
2.3 Dual lamination and the map Q2
Using the map Q, in [CHL08b℄, a lamination L(TΦ−1) dual to the tree TΦ−1
was dened.
L(TΦ−1) = {(X, Y ) ∈ ∂
2FN | Q(X) = Q(Y )}.
From this denition, the map Q naturally indues an equivariant map Q2 :
L(TΦ−1) → T̂Φ−1. It is proven in [CHL08b℄ that the map Q
2
is ontinuous
(for the metri topology on T̂Φ−1). The image Ω of Q
2
is the limit set of
TΦ−1 . It is ontained in TΦ−1 (equivalently, points of the boundary ∂TΦ−1
have exatly one pre-image by Q) but Ω may be stritly smaller than TΦ−1 ,
in partiular it may fail to be onneted.
From Lemma 2.2, the dual lamination L(TΦ−1) is invariant by Φ and we
dedue
Lemma 2.3. For any leaf (X, Y ) of the dual lamination L(TΦ−1), we have
Q2(∂2ϕ(X, Y )) = H(Q2(X, Y )).
2.4 Dual and attrating laminations
The dual lamination is sometime alled the zero-length lamination and it is
lear to the experts that it ontains the attrating lamination. This is for
example proven in [HM06℄.
Proposition 2.4. The attrating lamination LΦ of an irreduible (with irre-
duible powers) outer automorphism Φ is a sublamination of the lamination
L(TΦ−1) dual to the repelling tree TΦ−1 of Φ:
LΦ ⊂ L(TΦ−1).
19
Proof. Let τ = (Γ, ∗, pi, f) be a train-trak representative of Φ. Let f˜ be a
lift of f whih is assoiated to the automorphism ϕ in the outer lass Φ.
Let (X, Y ) be a leaf in LΦ. Then by denition there exists an edge e of the
universal over Γ˜ of Γ and a sequene un of elements of FN suh that unf˜
n(e)
onverges to (X, Y ). Fix two base points in Γ˜ and TΦ−1 (both denoted by ∗)
and onsider an equivariant map q : Γ˜→ TΦ−1 suh that q(∗) = ∗ and whih
is ane on edges of Γ˜. Then for any vertex P of Γ˜,
q(f˜(P )) = H(P ).
We dedue that the length of q(unf˜
n(e)) is λn times the length of q(e) and
as λ < 1 this length onverges to 0 when n goes to innity.
Let now P0 be the start-point of e and P1 be its end-point. Then unf˜
n(P0)
onverges to ∂pi(X) and unf˜
n(P1) onverges to ∂pi(Y ). The map Q is ontin-
uous for the weaker observers' topology on T̂ (see [CHL07℄), so that for this
observers' topology q(unf˜
n(P0)) onverges to Q(X) and q(unf˜
n(P1)) on-
verges to Q(Y ). The distane d(q(unf˜
n(P0)), q(unf˜
n(P1))) onverges to 0.
The metri topology is stronger than the observers' topology, thus the se-
quene q(unf˜
n(P1)) onverges to Q(X). As the observers' topology is Haus-
dor we onlude that Q(X) = Q(Y ). This proves that the leaf (X, Y ) is in
the dual lamination L(TΦ−1) of TΦ−1 .
2.5 Self-similar struture
Let Φ be an irreduible (with irreduible powers) outer automorphism of FN .
Let τ = (Γ, ∗, pi, f) be an irreduible train trak representative for Φ. Let
ϕ ∈ Φ be an automorphism in the outer lass Φ and f˜ be the orresponding
lift of f to the universal over Γ˜ of Γ.
Reall from Setion 1.5 that for an edge e˜ of Γ˜ we denote by Ce the set
of lines:
Ce = CΓ(e˜) ∩ LΦ.
Using the map Q2 of Setion 2.3 and Proposition 2.4, we denote by Ωe the
subset of TΦ−1:
Ωe = Q
2(Ce) = Q
2(CΓ(e˜) ∩ LΦ).
As Q2 is ontinuous, Ωe is ompat.
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Using the irreduibility of the train-trak τ , eadge leaf of the attrating
lamination ontains a translate of the edge e˜, thus LΦ = FN .Ce and Ω =
FN .Ωe.
Of ourse, the map Q2 is invariant by the ip map. If e˜′ is the reversed
edge of e˜, the ylinders Ce and Ce′ are homeomorphi by the ip map, and
the orreponding sets of TΦ−1 are equal: Ωe = Ωe′.
We now apply Q2 to Proposition 1.1.
Proposition 2.5. Let ϕ ∈ Φ be an irreduible (with irreduible powers)
automorphism of FN and Φ be its outer lass. Let τ = (Γ, ∗, pi, f) be a train-
trak representative for Φ and f˜ a lift of f to the universal over Γ˜ assoiated
to ϕ.
For eah edge e˜ whih is a lift of the edge e of Γ
Ωe =
⋃
(e′,ep,es)
H(Ωe′)
where the nite union is taken over all triples (e˜′, p˜, s˜) suh that e˜′ is an edge
of Γ˜, p˜.e˜.s˜ is a redued path in Γ˜ and f˜(e˜′) = p˜.e˜.s˜.
The above deomposition of Ωe does not depend on the hoie of a parti-
ular automorphism ϕ in the outer lass Φ, of the assoiated lift f˜ of f and
of the assoiated homothety H.
Proof. The equality follows diretly by applying Q2 to Proposition 1.1:
Ωe = Q
2(Ce)
= Q2(⊎ϕ(Ce′))
= ∪Q2(ϕ(Ce′))
= ∪H(Q2(Ce′))
= ∪H(Ωe′)
This self-similar struture of the ompat subsets Ωe takes plae in the
metri spae TΦ−1 . Thus, this is exatly that of a direted graph onstrution
(see [MW88℄) with similarity ratios equal to the ratio
1
λ
Φ−1
of the homothety
H .
But we lose the disjointness of the piees in the self-similar deomposition.
Indeed, the Ωe′ involved in the deomposion may fail to be disjoint. We will
address this key issue for the omputation of the Hausdor dimension in
setion 2.8.
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2.6 The maps Q
e˜
Exatly as for ylinders of the attrating lamination, we an iterate the de-
omposition. Let e˜ be an edge of Γ˜ that is a lift of the edge e of Γ. For any
e-path σ in Σe ∪ ∂Σe we onsider
Ωe,σ = Q
2(Ce,σ).
As above, using Propositions 1.2 and 1.3 we get:
Proposition 2.6. Let Φ be an irreduible (with irreduible powers) automor-
phism of FN and Φ be its outer lass. Let τ = (Γ, ∗, pi, f) be a train-trak
representative for Φ. Let e˜ be an edge of Γ˜. Let ϕ be an automorphism in
the outer lass Φ and let f˜ be the assoiated lift of f . Let H be the assoiated
homothety of the attrating tree TΦ−1 of Φ.
1. For any e-path σ of length n, Ωe,σ = H
n(Ω
σ(e, ef,n))
2. ∀n ∈ N ∪ {∞}, Ωe =
⋃
σ∈Σe,|σ|=n
Ωe,σ
3. The map Q2 fators through the map ρe: there exists a ontinuous map
Qe : ∂Σe → Ωe that makes the following diagram ommutes:
Ce
ρe
//
Q2   A
AA
AA
AA
A
∂Σe
Qe}}{{
{{
{{
{{
Ωe
In the purpose of desribing the self-similar struture of Ωe the hoie of
an orientation of eah edge of Γ˜ is irrelevant as the map Q2 is ip-invariant.
Thus we ould onsider the smaller unoriented prex-sux automaton
Σu whih is obtained from the prex-sux automaton Σ by identifying two
verties e1 and e2 if they are the same edge of Γ with reverse orientations
and by identifying to edges e1
p1,s1
−→ e′1 and e2
p2,s2
−→ e′2 if the edges e1, e2 and e
′
1
,e′2 are the same edge of Γ with reverse orientation and if p1, s2 and s1, p2 are
the same paths in Γ with reverse orientations.
In the lassial ontext of substitutions the prex-sux automaton has
two symmetri onneted omponents (one with positive letters and one with
inverses) and only the rst one is usually onsidered.
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2.7 Attrating urrent
A urrent for the free group FN is a Radon measure (reall that a Radon
measure is a Borel measure whih is nite on ompat sets) on the double
boundary ∂2FN that is FN -invariant and ip-invariant.
As urrents are FN -invariant the ation of the automorphism group fa-
tors modulo inner automorphisms to a get an ation of the outer automor-
phism group Out(FN) on the spae of urrents.
The irreduible (with irreduible powers) outer automorphism Φ has an
attrating projetivized urrent [µΦ] whih was introdued by R. Martin
[Mar95℄. Exatly as for the attrating tree (and the repelling tree) we pik
one urrent µΦ in this projetivized lass.
This urrent satises
Φ.µΦ = λΦµΦ
where λΦ is the expansion fator of Φ. That is to say, for every measurable
set A ⊆ ∂2FN ,
(Φ.µΦ)(A) = µΦ(ϕ
−1(A)) = λΦµΦ(A)
where ϕ is any automorphism in the outer lass Φ.
We refer to I. Kapovih [Kap06℄ for bakground, denitions and state-
ments on urrents.
R. Martin [Mar95℄ proved that the support of µΦ is exatly the attrating
lamination LΦ of Φ. It is proven in [CHL08℄ that the lamination L(TΦ−1),
and thus its sublamination LΦ is uniquely ergodi.
This (projetivized) attrating urrent is better desribed if we use the
prex sux-automaton. Let τ = (Γ, ∗, pi, f) be a train-trak representative
of Φ. Reall from Setion 1.4 that we denote by (µe)e a Perron-Frobenius
eigen-vetor of the transition matrix of τ . From the denition of Ce,σ we get
Lemma 2.7. For any edge e˜ of Γ˜ that lies above the edge e of Γ
µΦ(Ce) = µe.
Let σ be a nite e-path in Σe that ends at the edge e
′
of Γ. Then
µΦ(Ce,σ) =
µe′
(λΦ)|σ|
.
(There is some fuzzyness in these equalities as both the eigen-vetor and
the attrating urrent are only dened up to a mulitpliative onstant. The
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Lemma has to be understood as: there is a hoie of µΦ and of (µe)e suh
that...).
We onsider νΦ the push-forward of the attrating urrent µΦ by the on-
tinuous map Q2 to the repelling tree TΦ−1 : That is to say for any measurable
set A in TΦ−1
νΦ(A) = µΦ(Q
2−1(A)).
From Lemma 2.7 we get
Lemma 2.8. For any edge e˜ of Γ˜ that lies above the edge e of Γ
νΦ(Ωe) = 2µe.
Let σ be a nite e-path in Σe that ends at the edge e
′
of Γ. Then
νΦ(Ωe,σ) = 2
µe′
(λΦ)|σ|
.
The 2 fator omes from the fat that we onsidered urrents as being
invariant by the ip-map and that Q2 is ip-invariant. As both the attrat-
ing urrent and the metri of the repelling tree are only dened up to a
multipliative onstant this is totally unsigniant.
2.8 (Non-)Injetivity of Q
To get the Hausdor dimension and measure of a self-similar metri spae
a key feature is to know how muh the self-similar piees are disjoint. In
this purpose we ollet results on the (non-)injetivity of Q, Q2 and Qe and
we omplete Proposition 2.5 by stating that the piees in the self-similar
deomposition interset in at most nitely many points.
Those results are muh easier to state and prove in the ase of non-
geometri outer automorphisms of the free group. Reall that an outer auto-
morphism Φ of the free group is geometri if it is indued by a homeomor-
phism h of a surfae S with boundary suh that pi1(S) = FN . In this ase h
xes the boundary omponents of the fundamental group of S and the ation
of FN of the repelling and attrating trees TΦ−1 and TΦ are not free. In this
geometri ase we have to deal with stabilizers of points and xed subgroups
of the automorphisms in the outer lass Φ. However the two trees TΦ−1 and
TΦ are surfae (they are transverse to the lifts of the stable and unstable
foliations of h on S), their limit sets Ωe are intervals (or multi-interval) and
the Hausdor dimensions are 1 whih is not really striking.
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On the opposite, if we assume that Φ is non-geometri then the ation of
FN on the repelling and attrating trees are free and automorphisms in the
outer lass Φ have trivial xed subgroups. This simplies our work. Thus
from now on we assume that Φ is non-geometri.
The following result is proven in [CH08℄.
Proposition 2.9 ([CH08℄). Let Φ be an irreduible (with irreduible powers)
non-geometri outer automorphism of FN . Let TΦ−1 be its repelling tree in
the boundary of outer spae.
Then Q is nite-to-one and there are nitely many orbits of points in
T̂Φ−1 with stritly more than two pre-images by Q.
From the denitions of Q2 and, if we x a train-trak representative
τ = (Γ, ∗, pi, f) and an edge e˜ of the universal over Γ˜, from the denition of
Qe, we dedue
Corollary 2.10. Q2 and Qe are nite-to-one.
There are nitely many orbits of points in T̂Φ−1 with stritly more than
two pre-images by Q2 or with strily more than one pre-image by Qe.
From this orollary we an omplete Proposition 2.5 by stating that the
deomposition obtained there is not a partition (as in Proposition 1.1) but
nevertheless intersetions are nite.
Proposition 2.11. Let Φ be an irreduible (with irreduible powers) non-
geometri outer automorphism of FN . Let TΦ−1 be its repelling tree in the
boundary of outer spae. Let τ = (Γ, ∗, pi, f) be a train-trak representative
for Φ.
Let e˜ be an edge of the universal over Γ˜ lying above the edge e of Γ. Let
σ and σ′ be two distint e-paths of length n.
Then the intersetion Ωe,σ ∩ Ωe,σ′ is a nite set.
Proof. By Proposition 1.1, Ce,σ and Ce,σ′ are disjoint.
Assume by ontradition that there are innitely many distint elements
(Pn)n∈N in the intersetion. For eah n, Pn has at least two pre-images by
Qe (one starting by σ and one starting by σ
′
). Applying Corollary 2.10, up
to passing to a subsequene, all the points Pn are in the same orbit under
the ation of FN : There exist elements un ∈ FN suh that Pn = unP0.
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From the ommutative diagram in Proposition 2.6, for eah n, there exists
elements Zn ∈ Ce,σ and Z
′
n ∈ Ce,σ′ suh that Q
2(Zn) = Q
2(Z ′n) = Pn. As Q
2
is equivariant we get
Q2(un
−1Zn) = Q
2(un
−1Z ′n) = P0,
and as Q2 is nite-to-one, up to passing to a subsequene we assume that for
all n Zn = unZ0 and Z
′
n = unZ
′
0.
Again, up to passing to a subsequene we assume that the sequenes
(un)n∈N and (un
−1)n∈N onverge to elements U and V respetively in ∂FN and,
as Ce,σ and Ce,σ′ are ompat, that the sequenes (unZ0)n∈N and (unZ
′
0)n∈N
onverge to elements Z and Z ′. We also assume that (unV )n∈N onverges to
an element W ∈ ∂FN .
The ation of FN on ∂FN is that of a onvergene group, in partiular,
∀X ∈ ∂FN r {V } lim
n→∞
unX = U.
As the two ends of Z (resp. Z ′) are distint, one of the two ends of Z0 (resp.
Z ′0) is V . Thus Z and Z
′
are equal to (U,W ) or (W,U). As Ce,σ and Ce,σ′
are disjoint, Z and Z ′ have the same geometri realisation in reverse order.
But Ce does not ontain two paths in reverse order. A ontradition.
We now desribe preisely the points with stritly more than one pre-
image by Qe. For that we need to assume that the outer automorphism Φ is
forward rotationless.
An irreduible (with irreduible powers), non-geometri, outer automor-
phism Φ ∈ ∂FN is forward rotationless (see [FH06℄) if for any integer n,
for any automorphism ψ in the outer lass Φn with stritly more than two
attrating xed points in ∂FN , there exists an automorphism ϕ in the outer
lass Φ suh that ϕn = ψ and suh that eah xed point of ψ is a xed point
of ϕ.
From the following Proposition, we see that this extra hypothesis will not
restrit the sope of our results.
Proposition 2.12 ([GJLL98℄). There exists a onstant KN depending only
on N suh that for any irreduible (with irreduible powers), non-geometri
outer automorphism Φ, the power ΦKN is forward rotationless.
This Proposition is true for any outer automorphism but we restrited
ourself to the easier ase of irreduible non-geometri automorphisms.
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Proposition 2.13. Let Φ be an irreduible (with irreduible powers) non-
geometri forward rotationless outer automorphism of FN . Let TΦ−1 be its
repelling tree in the boundary of outer spae. Let τ = (Γ, ∗, pi, f) be a train
trak representative for Φ and let e˜ be an edge of the universal over Γ˜ of Γ.
Let P be a point in Ωe with strily more than one pre-image by Qe. Then
any prex-sux representation σ ∈ Q−1
e
(P ) is pre-periodi.
Moreover, there exists a homothety H of TΦ−1 assoiated to an automor-
phism ϕ ∈ Φ and to a lift f˜ of f suh that H(P ) = P and for any pre-image
σ ∈ Q−1
e
(P ) the sequene (σ(e˜, f˜ , n))n∈N is pre-periodi.
Proof. As P has strily more than one pre-image by Qe, it has at least three
dierent pre-images by Q. Let ϕ ∈ Φ be an automorphism in the outer lass
Φ and let H be the assoiated homothety of TΦ−1 . For eah integer n, by
Lemma 2.2, Q−1(Hn(P )) = ϕn(Q−1(P )) and by Proposition 2.9, there exists
an integer n ≥ 1 and an element u of FN suh that uH
n(P ) = P .
Let σ be a pre-image by Qe of P . For any line Z ∈ Ce,σ, by Lemma 2.3,
and for any k ∈ N, (u(∂2ϕ)n)k(Z) is also in the Q2 ber of P . By Corol-
lary 2.10, Ce,σ is nite and thus there exists k ≥ 1 suh that
∀Z ∈ Ce,Q
2(Z) = P ⇒ (u(∂2ϕ)n)k(Z) = Z.
Thus, elements Z ∈ Ce in the Q
2
ber of P are xed points of the automor-
phism ψ = (iu ◦ ϕ
n)k of the outer lass Φnk. Moreover as Q2(Z) = P , they
are in the attrating lamination LΦ and thus there two ends are attrating
xed points of ψ. As Φ was assumed to be forward rotationless, there exists
an automorphism ϕ′ in the outer lass Φ that xes all the elements Z ∈ Ce
suh that Q2(Z) = P . Let now H ′ be the homothety assoiated to ϕ′, then
H ′(P ) = P and applying Proposition 1.6 we proved the Proposition.
A point P in Ωe is rst-singular, if there exists two distint e-paths σ
and σ′ of length 1 suh that P ∈ Ωe,σ ∩ Ωe,σ′ . As there are nitely many
e-path of length 1, from Proposition 2.11 we get that there are nitely many
rst-singular points in Ωe.
We prove the following tehnial result that we will use in the sequel.
Lemma 2.14. Let e˜ be an edge of Γ˜ that lies above an edge e of Γ. Let n be
an integer. Let N be a set of e-paths of length n suh that
∀σ, σ′ ∈ N,Ωe,σ ∩ Ωe,σ′ 6= ∅.
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The ardinality of N is bounded above by a onstant C1 depending only on
Φ.
Proof. Let σ0 be the ommon prex of all the elements of N . By self-
similarity, we an replae Ωe by Ωe,σ0 and N by the set N
′
of suxes σ′
of elements σ = σ0.σ
′
of N . Thus we assume that σ0 has zero-length and
that N has stritly more than 1 element.
For eah σ in N , the set Ωe,σ ontains a rst-singular point P and thus
σ is the prex of length n of one of the nitely many pre-images by Qe of
P .
2.9 Hausdor dimension and measure
We refer to the book of K. Faloner [Fal90℄ for denitions of the Hausdor
dimension and measure.
For a metri spae (A, d), for any ε > 0, and k > 0, let
Hkε (A) = inf
∑
i∈N
|Ai|
k ∈ R+ ∪ {∞}
where the inmum is taken over all overings (Ai)i∈N of A suh that the
diameter |Ai| of eah Ai is smaller than ε. If A is ompat, there are nite
overings of A with losed balls of diameter ε, therefore Hkε(A) is nite.
For a homothety H of ratio λ, one has
Hkε(H(A)) = λ
kHkλε(A).
For a xed k > 0, ε 7→ Hkε (A) is dereasing and the Hausdor measure
in dimension k of A is
Hk(A) = lim
ε→0
Hkε (A) = sup
ε>0
Hkε(A) ∈ R
+ ∪ {∞}.
Again, for a homothety H of ratio λ, one has
Hk(H(A)) = λkHk(A).
The map k 7→ Hk(A) is dereasing and takes values in {0,∞} exept in
at most one point. The Hausdor dimension of A is
Hdim(A) = inf{k | Hk(A) = 0} = sup{k | Hk(A) =∞} ∈ R+ ∪ {∞}.
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From these denitions it is lassial to dedue that the Hausdor dimen-
sion of a ountable union ∪i∈NXi of subspaes of A is the supremum of the
dimensions of the Xi. In partiular the Hausdor dimension of the limit set
Ω is the maximum of the Hausdor dimension of the ompat subsets Ωe, for
all edges e˜ of Γ˜.
2.10 Main Theorem
The usual ontext to ompute the Hausdor dimension of a self-similar set (or
of a graph direted onstrution) is inside R
n
whih is not the ase here. Also,
the lassial hypothesis to get the lower bound on the Hausdor dimension
is by using the open set ondition, of whih we need to use a non-lassi
version. We refer to [MW88℄ and [Edg08℄ for omputation of the Hausdor
dimension of graph direted onstrutions and before them to the original
artile of J. Huthinson [Hut81℄ in the ase of an iterated funtion system.
We are now ready to state and prove our main theorem.
Theorem 2.15. Let Φ be an irreduible (with irreduible powers) outer au-
tomorphism of the free group FN . Let τ = (Γ, ∗, pi, f) be an irreduible train-
trak representative for Φ and let TΦ−1 be the repelling tree of Φ.
The limit set Ω ⊆ TΦ−1, and for eah edge e˜ of Γ˜, the set Ωe ⊆ TΦ−1 have
Hausdor dimension
δ = Hdim(Ω) =
lnλΦ
lnλΦ−1
where λΦ and λΦ−1 are the expansion fators of Φ and Φ
−1
respetively.
Proof. The limit set Ω is the union of translates by elements of FN of any
Ωe. Thus the Hausdor dimensions of these sets are all equal.
The repelling tree TΦ−1 and the attrating lamination LΦ do not hange
if we replae Φ by a power. Also, the expansion fator of a power Φn is λnΦ.
Thus by Proposition 2.12, up to replaing Φ by a suitable power, we assume
that Φ is forward rotationless.
For eah edge e of Γ we hoose one of its lifts in the universal over Γ˜ and
we denote by Ωe the orresponding subset of TΦ−1 . We denote by E(Γ) the
set of edges of Γ.
From Proposition 2.5, we see that eah of the piees Ωe is overed by
nitely many translates of homotheti opies of the Ωe′ . The number of
opies used is given by the orresponding row in the transition matrix M
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of the train-trak τ . From the denition of the Hausdor dimension it is
straightforward to dedue for any ε > 0 and any k > 0
(Hk ε
λ
Φ−1
(Ωe))e∈E(Γ) ≤M(H
k
ε
λ
Φ−1
(H(Ωe′)))e′∈E(Γ) =
1
(λΦ−1)k
M(Hkε (Ωe′))e′∈E(Γ)
where the omparison between these positive vetors is made oordinatewise.
As the Perron-Frobenius eigen-value of M is the expansion fator λΦ of
Φ, we get by iteration that if k > δ = lnλΦ
lnλ
Φ−1
for any edge e˜ of Γ˜, Hk(Ωe) = 0.
Also, if k = δ we get that (Hδ(Ωe))e∈E(Γ) is bounded above by the Perron-
Frobenius eigen-vetor ofM . In partiular, for any edge e˜ of Γ, Hδ(Ωe) <∞.
This gives an upper bound for the Hausdor dimension of eah of the Ωe
and an upper bound for the Hausdor measure in dimension δ.
We now proeed to get the lower bound of the Hausdor dimension and
measure. This involves desribing quantitatively how muh the maps Qe fails
to be injetive and to evaluate how muh they ontrat the distanes.
For two subsets C and C ′ of TΦ−1 we denote by g(C,C
′) the size of the
gap between them:
g(C,C ′) = inf{d(P, P ′) | P ∈ C, P ′ ∈ C ′}.
We deompose the proof into three Lemmas.
Lemma 2.16. Let σ and σ′ be two e-paths of length n in Σe suh that Ωe,σ∩
Ωe,σ′ = ∅.
There exists a onstant C2 > 0 depending only on Φ suh that the gap
between Ωe,σ and Ωe,σ′ is bigger than
C2
(λ
Φ−1
)n
:
g(Ωe,σ,Ωe,σ′) >
C2
(λΦ−1)n
.
Proof. By self-similarity, up to removing a ommon prex to σ and σ′ and
applying a homothety H , we assume that σ and σ′ have dierent rst edges
σ1 and σ
′
1.
Let 0 ≤ p < n be the maximal length of prexes σp and σ
′
p of σ and σ
′
respetively suh that Ωe,σp ∩Ωe,σ′p 6= ∅. As Ωe,σ ⊆ Ωe,σp+1 and Ωe,σ′ ⊆ Ωe,σ′p+1
we get that
g(Ωe,σ,Ωe,σ′) ≥ g(Ωe,σp+1 ,Ωe,σ′p+1) > 0.
Thus, replaing σ and σ′ by their prexes of length p + 1, we assume that
p+ 1 = n = |σ| = |σ′|.
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If n = 1 (that is to say p = 0) then there are only nitely many hoies
of paths σ and σ′ and C2 has to be smaller than the minimum of the gaps
between all suh possible hoies of Ωe,σ and Ωe,σ′ .
Thus we assume that n > 1 (and that p = n− 1 > 0).
Let P be a point in Ωe,σn−1 ∩Ωe,σ′n−1. As σ and σ
′
does not have ommon
prexes, P is one of the nitely many rst-singular points in Ωe. Let Z and
Z ′ be pre-images of P by Q2 in Ce,σn−1 and Ce,σ′n−1 respetively. The point P
has at least two dierent pre-images by Qe, thus we an use Proposition 2.13
to get that the pre-images by Qe of Z and Z
′
are pre-periodi. σn−1 and
σ′n−1 are prexes of two of these pre-images. We also get a homothety H of
TΦ−1 and an assoiated automorphisms ϕ ∈ Φ and lift f˜ of f suh that the
sequenes (σn−1(e˜, f˜ , k))0≤k≤n−1 and (σ
′
n−1(e˜, f˜ , k))0≤k≤n−1 only takes nitely
many values. As the prex-sux automaton Σ is nite the terminal edges
e˜n = σ(e˜, f˜ , n) and e˜
′
n = σ
′(e˜, f˜ , n) takes only nitely possible values.
From our denitions
Ωe,σ = H
n(Ωen) and Ωe,σ′ = H
n(Ωe′n),
thus, the lower bound of the gap is now given by:
g(Ωe,σ,Ωe,σ′) =
1
(λΦ−1)n
g(Ωen ,Ωe′n).
The existene of the onstant C2 follows from the niteness of the number of
possible hoies for e˜n and e˜
′
n.
For the sake of larity, let us review this niteness again. Using the ation
of FN by isometries, we only need to onsider one hoie of a lift e˜ of eah
edge e of Γ. For eah of these e˜ we onsider the nitely many rst-singular
points P in Ωe. For eah of these rst-singular points P we onsider the
assoiated lift f˜ of f as given by Proposition 2.13 and their nitely many
pre-periodi pre-images σ by Qe. Proposition 2.13 states that the sequene
(σ(e˜, f˜ , k))k∈N is ontained in a nite set Ee,P of edges of Γ˜. Finally the edges
e˜n and e˜
′
n are among the nitely many edges of Γ˜ suh that f˜(e˜n) and f˜(e˜
′
n)
ontain one of the edges of Ee,P .
Let P be a point in Ωe and let n be an integer. We onsider the following
subset of Σe:
N(P, n) = {σ ∈ Σe | |σ| = n, g(P,Ωe,σ) ≤ (
1
λΦ−1
)n}.
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The use of the set N(P, n) is lassial while proving lower bounds for Haus-
dor dimension and measure.
Lemma 2.17. There exists a onstant C3 depending only on the outer au-
tomorphism Φ suh that for any point P in Ωe and any integer n, the set
N(P, n) has at most C3 elements.
Proof. Let k = ⌈
ln 2
C2
lnλ
Φ−1
⌉. For any elements σ and σ′ in N(P, n), by denition
g(Ωe,σ,Ωe,σ′) ≤
2
λ
Φ−1
n . We onsider the prexes, σn−k and σ
′
n−k of σ and σ
′
of length n−k. The sets Ωe,σn−k and Ωe,σ′n−k ontains the sets Ωe,σ and Ωe,σ′ ,
thus
g(Ωe,σn−k ,Ωe,σ′n−k) ≤ g(Ωe,σ,Ωe,σ′) ≤
2
(λΦ−1)n
≤
C2
(λΦ−1)n−k
.
From Lemma 2.16 we get that these two sets are not disjoints:
Ωe,σn−k ∩ Ωe,σ′n−k 6= ∅.
From Lemma 2.14 the number of prexes of length n−k ofN(P, n) is bounded
above by C1. Thus the ardinality of N(P, n) is bounded above by C3 =
C1.(E)
k
, where E is the number of edges of the prex-sux automaton Σ.
For a point P in Ωe and r > 0 we denote by B(P, r) the ball of radius r
in Ωe.
Lemma 2.18. There exists a onstant C4 depending only on Φ suh that
νΦ(B(P, r)) ≤ C4r
δ.
Proof. Let n = ⌊
ln 1
r
lnλ
Φ−1
⌋. For any point Q in B(P, r), let σ be the prex of
length n of some pre-image by Qe of Q. Then Q ∈ Ωe,σ and
g(P,Ωe,σ) ≤ d(P,Q) ≤ r ≤ (
1
λΦ−1
)n.
Thus we have proved that
B(P, r) ⊆
⋃
σ∈N(P,n)
Ωe,σ.
Applying the push-forward νΦ of the attrating urrent µΦ we get
νΦ(B(P, r)) ≤
∑
σ∈N(P,n)
νΦ(Ωe,σ)
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For eah σ ∈ N(P, n)
νΦ(Ωe,σ) =
νΦ(Ωσ(e, ef,n))
λΦ
n ≤ r
δ νΦ(Ωσ(e, ef,n)),
and thus
νΦ(B(P, r)) ≤ C3 r
δ max{νΦ(Ωe′) | e˜
′}
whih proves the Lemma.
From Lemma 2.18 we dedue that the Hausdor measure in dimension
δ is bounded below by the push forward of the attrating urrent µΦ. This
proves that the Hausdor dimension of Ω is bounded below by δ.
From the above proof we get that the Hausdor measure in dimension δ
on the limit set Ω is not onstant. Pulling bak this measure to the attrating
lamination by the mapQ2 we get another urrent supported by the attrating
lamination LΦ. But we know that the attrating lamination is uniquely
ergodi thus we have proved:
Theorem 2.19. The pushforward νΦ of the attrating urrent µΦ to the limit
set Ω is equal to the Hausdor measure in dimension δ.
One again this equality is to be understood up to a multipliative on-
stant.
2.11 Compat heart of trees
In this setion we relate the sets Ω and Ωe of the previous setion to the
ompat heart of TΦ−1 as dened in [CHL09℄.
We x a basisA of FN . This is equivalent to xing a hart (RA, ∗, pi) where
RA is the rose with N petals and pi the orresponding marking isomorphism.
Elements ∂FN are identied with innite redued words in A
±1
.
The unit-ylinder CA(1) of ∂
2FN is the set of lines that goes through the
origin, or equivalently, it is the set of pairs of innite redued words (X, Y )
with distint rst letters. This is a ompat subset of ∂2FN whose translates
over the double boundary: FN .CA(1) = ∂
2FN .
For a basis A of FN the ompat limit set of the repelling tree TΦ−1 is
dened in [CHL09℄ by
ΩA = Q
2(L(TΦ−1) ∩ CA(1)).
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It is a ompat subset of TΦ−1.
From [CHK
+
08℄ we know that the dual laminationL(TΦ−1) is the diagonal
losure of the attrating lamination LΦ. In partiular
Ω = Q2(LΦ) = Q
2(L(TΦ−1))
ΩA = Q
2(L(TΦ−1) ∩ CA(1)) = Q
2(LΦ ∩ CA(1)).
The translates of the ompat limit set ΩA over the limit set Ω: FN .ΩA =
Ω.
As the Hausdor dimension does not inrease by taking ountable unions
we get that the Hausdor dimension of ΩA is δ.
The ompat heart, KA of TΦ−1 is the onvex hull ΩA. Reall that the tree
TΦ−1 an be overed by ountably many intervals (thus TΦ−1 has Hausdor
dimension 1), and note that this is not the ase of its metri ompletion TΦ−1 .
The ompat heart KA is a subset of the union ΩA ∪ TΦ−1 . We get
Theorem 2.20. Let Φ be an irreduible (with irreduible powers) outer au-
tomorphism of FN . Let A be a basis of FN . Let TΦ−1 be the repelling tree
of Φ. Let ΩA be the ompat limit set and KA be the ompat heart of TΦ−1
with respet to A. Then
Hdim(ΩA) = δ =
lnλΦ
lnλΦ−1
and Hdim(KA) = max{1,
lnλΦ
lnλΦ−1
}.
3 Examples
In this setion, we illustrate our result with two examples of irreduible (with
irreduible powers) automorphisms.
3.1 Boshernitzan-Kornfeld example
In [BK95℄ the following automorphism of F3 is studied:
ϕ : a 7→ b
b 7→ caaa
c 7→ caa
Let Φ be its outer lass. We regard ϕ as a homeomorphism of the rose
with 3 petals to get a train-trak representative of Φ and the orresponding
prex-sux automaton Σ, see Figure 1.
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ca, ε
a
c
b
ε, aa
c, aa
ca, a
c, a
ε, aaa
caa, ε
ε, ε
Figure 1: Prex-sux automaton Σ for Boshernitzan-Kornfeld automor-
phism
The transition matrix MΦ and the expansion fator λΦ (whih is the
Perron-Frobenius eigen-value of MΦ) are
MΦ =

 0 3 21 0 0
0 1 1


and λΦ ≈ 2.170.
The inverse automorphism
ϕ−1 : a 7→ c−1b
b 7→ a
c 7→ cb−1cb−1c
also denes on the rose with 3 petals a train-trak representative of Φ−1. The
transition matrix and the expansion fator of Φ−1 are
MΦ−1 =

 0 1 01 0 2
1 0 3


and λΦ−1 ≈ 3.214.
(note that positive and negative letters are both ounted as one in the tran-
sition matrix).
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c0 11− α
0 α2 α 1
T
1− α+ α2
1− α2
b
a
Figure 2: Interval translation of Boshernitzan-Kornfeld
M. Boshernitzan and I. Kornfeld assoiate this automorphism to an in-
terval translation map.
Let I = [0; 1] be the unit interval and let α = 1
λ
Φ−1
≈ 0.311 be the positive
root of α3 − α2 − 3α + 1 = 0. The pieewise translation T : [0; 1] → [0; 1]
restrits to a translation on eah of the three intervals Ia = [0; 1 − α], Ib =
[1 − α; 1 − α2] and Ic = [1 − α
2; 1] of translation vetor α, α2 and α2 − 1
respetively.
The fat that ϕ and T are assoiated an be seen by looking at the rst
return map on the interval [1− α; 1].
The repelling tree TΦ−1 of Φ is the tree dual to (the lift to the universal
over of) the vertial foliation of the mapping torus of this interval trans-
lation. See [GL95℄ and [CHL09℄ for a preise onstrution of TΦ−1 starting
from the interval translation T .
The ompat heart KA of TΦ−1 is the interval I. The restrition of the
ation of the elements a, b and c of the basis of F3 to this interval KA = I
are exatly the pieewise exhange of the interval translation map, T . The
ompat limit set ΩA is the limit set of the interval translation map:
ΩA =
⋂
n≥0
T n(I).
This is a Cantor set with Hausdor dimension
lnλΦ
lnλ
Φ−1
≈ 0, 664.
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ε, ε
a, ε
ε, c
c
b
a, ε
aε, b
Figure 3: Prex-sux automaton Σ for Tribonai automorphism
3.2 Tribonai example
The following Tribonai automorphism of F3 has long been studied
ϕ : a 7→ ab
b 7→ ac
c 7→ a
It is assoiated to what is known as the Rauzy fratal, and X. Bressaud
studied its repelling tree (see [Bre07℄).
Let Φ be its outer lass. We regard ϕ as a homeomorphism of the rose
with 3 petals to get a train-trak representative of Φ and the assoiated
prex-sux automaton Σ, see Figure 3.
The transition matrix and the expansion fator are
MΦ =

 1 1 11 0 0
0 1 0


and λΦ ≈ 1.839.
A train-trak representative of Φ−1 is given by the graph Γ of Figure 4,
the homeomorphism f and the marking pi:
f :
A 7→ DC
B 7→ D−1A
C 7→ B
D 7→ C−1
pi :
a 7→ A
b 7→ DB
c 7→ DC
The prex-sux automaton is given in Figure 5.
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AC
D
B
Figure 4: Graph Γ of a train-trak representative of the inverse of Tribonai
automorphism
ε,D−1
A D−1
C−1
C−1, ε
ε, ε
ε, ε
ε,D
ε, C
D−1, ε
B
ε, A
A−1
B−1
A−1, ε
D
ε, ε
ε, ε
C
D, ε
Figure 5: Prex-sux automaton Σ for the inverse of tribonai automor-
phism
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The outer automorphism Φ−1 has transition matrix and expansion fator
MΦ−1 =


0 1 0 0
0 0 1 0
1 0 0 1
1 1 0 0

 and λΦ−1 ≈ 1.395.
The repelling tree TΦ−1 has a onneted limit set ΩA = KA whih is of
Hausdor dimension δ = lnλΦ
lnλ
Φ−1
≈ 1.829. The R-tree KA, although ompat,
has Hausdor dimension stritly bigger than 1.
X. Bressaud has drawn nie pitures of (approximations of) the fratal
tree KA inside the Rauzy fratal (see [BC07℄).
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